It is shown that, for mode-III crack in steady growth in power hardening media the near-tip singularity is not of the power function type but is logarithmic. By consideration of the inner boundary layer in the neighborhood of the unloading boundary, the asymptotic near-tip solutions for stress and strain fields are obtained, which satisfy all the necessary relations of elastic-plastic continuum mechanics, including the condition of continuity of the plastic parts of strain-rates across the unloading boundary.
Introduction
The investigation of near-tip singularity fields is necessary for the development of fracture criteria and has become one of the central problems in fracture mechanics. The near-tip stress and strain fields for growing cracks are utterly different from those for stationary cracks. After some distance of growth (e.g., several times the size of the plastic zone), the near-tip fields approach a steady state, which remains time-invarient for an observer moving together with the crack-tip. As the terminal state of the growing crack, the crack in steady growth has been studied by many authors in recent years.
Chitaley and McClintock [1] obtained the solution for the steady state of growing mode-III cracks. Slepjan [2] , Rice et al. [4] obtained independently the plane-strain solution for mode-I cracks in steady growth. For mixed mode-I-II cracks Gao and Hwang [1] [2] [3] [4] [5] show that the solution for steady state does not exist. All these solutions for elasticperfectly plastic materials show that the near-tip strain singularities for steadily growing cracks are much weaker than for stationary cracks. If we adopt as the fracture criterion a quantity related to the near-tip deformation (e.g., the critical strain a distance r c ahead of the tip, or the critical displacement a distance rc behind the tip), then the load required for steadystate growth (e.g., the value Jss of J-integral) will be much greater than for initiation of growth (e.g., the value Jlc).
However, most engineering materials are strain hardening. Dean and Hutchinson [61 have carried out the finite-element numerical analysis for plane strain mode-I cracks in steady growth in power hardening material. Adopting the fracture criterion of the critical open displacement, they found that the ratio Jss/J~c is dependent upon the material exponent n. pointed out that, since JJJ~c increases with n, resistance curve predictions based on elastic-perfectly plastic calculations (n = o0) may well be highly unconservative.
The analytical solutions for the steady-state near-tip singularity fields in strain hardening materials are not many in number. Amazigo and Hutchinson [8] have obtained the solutions for mode-Ill and mode-I cracks in linear hardening materials. As pointed out by Hutchinson [6, 7] , singularity fields for a crack growing in a more realistic strain hardening solid such as power-hardening have been most elusive. Gao and Hwang I-9] have made an attempt to obtain the singularity fields for plane strain mode-I cracks in a power hardening medium. Some further discussions have been made for mode-Ill cracks [10] . There is a deficiency in these solutions, namely, that the plastic part of the strain-rate does not vanish as 0 (the polar angle centered at the tip) approaches the boundary between plastic loading and elastic unloading. This deficiency is more fully discussed in this paper for mode-III cracks after a brief introduction of the solution given in [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Taking into account the inner boundary layer near the unloading boundary, we obtain uniquely near-tip singularity fields without the above-mentioned deficiency.
Basic equations and contiguity conditions
In Fig. 1 the various zones in the x, y plane are shown. Take the crack-tip as origin and assume the crack growing along the x-direction. F a is the borderline between the elastic zone I and the primary plastic zone II. F8 denotes the boundary between the primary plastic zone II and the unloading wake zone III, and is called the unloading boundary. The unloading wake zone III is contiguous to the secondary plastic zone IV at Fo, which will be called the reloading boundary.
Denote the shear stress components rx=, zr= simply by zx, z r, and the shear strain Yx=, ?y= by yx, 7y. The stress components can be expressed in terms of the stress function ~0, 8~o c~o (2.1) Zx-By' xr8x
The strain components can be split into the elastic and the plastic parts, where h is dependent upon the strain-hardening law, h > 0, and z is the resultant shear stress,
For power hardening we have
where c and n are material constants and then
Some contiguity conditions must be satisfied at the boundary between neighboring zones. We assume that the boundary, F, is an arbitrary curve. We take the parallel-curves family of F and their straight normals to be the coordinate lines, and represent the co-ordinate parameters by s and n (Fig. 2) For proof we refer to our previous paper [10] . Equation (2.17) is called the supplementary condition for the unloading boundary. As to Eqn. (2.18), it is a consequence of(2.16) and (2.17).
For the reloading boundary (FD, Fig. 1 ), we have the following supplementary condition in addition to (2.14) and (2. 
The first version of asymptotic analysis -the power singularity
We will first try the power expansion and, being confined only to the first order approximation, retain only the predominant term. Let r, 0 denote polar coordinates and put
Then we have
t~q~ _ r_af,(O) '
Zr--r t~O 
From the x-derivative of the compatibility equation, (2.9), we obtain for the loading zone to the first order approximation
We have tried values of 6 in the interval between 0.5 and 0.015, and integrated (3.3) step by step from a small 0o. In our numerical calculation nowhere did f'(O) happen to be zero (except at 0 = 0) and nowhere did unloading take place. Thus we could adhere to (3.3) straight to the crack flank 0 = ~. But for no value of 6 did f(rc) happen to be zero. So we conclude that there are no existing solutions with power singularities of the form (3.1).
The second version of asymptotic analysis -the logarithmic singularity [10]
We assume the solution with logarithmic singularities of the form q~ = r ln~-, f,(0) ln~-,
where A is a constant indeterminate within the scope of asymptotic analysis. Then the stress components % z o and the resultant stress z can be expanded as follows,
where
The prime ..... is used to denote the derivative against 0, if not otherwise stated. After some trials we come to select finally 2 ct ----.
(4.8) n--1 Then from (2.10) and (2.13) we obtain Due to f(;(0) = 0 for zone II and 2o(r0 = 0 for zone IV (Fig. 1) , from (4.6), (4.10) and (4.12) we have both zones
Now we turn to the solution for each zone.
1. The primary plastic zone II (Fig. 1) , 0 ~< 0 < 0p. Take as the solution of(4.16) (4.24) e+l 2. The unloading wake zone III (Fig. 1) . In the zone III the compatibility equation ( It is seen from (4.18) and (4.32) that the constant F characterizes the intensity of singularity for the resultant shear stress in plastic zones II and IV (Fig. 1 ).
We next turn to the determination of the constants ao, A1, B1 and angles 0p, 0~. We define the nondimensional parameter F T -(4.36)
Gao(~ + 1) "
From the first and the second contiguity conditions (2.14) at the unloading boundary F R (0 = 0p, Fig. 1 ) and the reloading boundary F D (0 = g --0~, Fig. 1) , respectively, i.e. 
fo(Op) = --F, f6(Op) = O, ]

C= T--sinOpln(sinOp) --(2--Op)cosO p, D= --T sin Os --sin Os ln(sin Os) --( 2 -Os) cos O s.
By use of the first of (4.20), (4.24) and (4.36), the first of Eqn. Here 0p,= and 0s, tr are exactly the angles given by Chitaley and McClintock [1] for elasticperfectly plastic materials (n --* ~). In Fig. 3 the trivial solution is denoted by the point M, which has a maximum value of 0~, and in Fig. 4 by the point M~, which varies with n. In Fig. 4 the segment M,N~ is the possible range of variation of(0p, S 
The values of 0p, 0, and S for the extreme states M, and N, are shown in Table 1 for several values of n. The near-tip stress fields and the resultant stress corresponding to the extreme states M, and N, are shown in Figs. 5 and 6, the near-tip strain fields in Fig. 7 . It is clear from The stress fields for the trivial solution (i.e. the extreme state M,) do not depend upon the material. They coincide exactly with those given by Chitaley and McClintock [1] for elasticperfectly plastic materials, whatever the value of n may be. For n = 13 the two extreme states M, and N, are very near to each other and are hardly distinguishable in Fig. 5 and 6 . As to the strain fields for the trivial solution, they do depend upon n.
For the moment in this section we could not determine uniquely the solution, which corresponds to some one state between the extremes M, and N,. In the next section we shall show that the AT, state is just the true solution.
It should be mentioned that in the solution given in this section the supplementary Hutchinson [7] pointed out in comments on the paper I-9] that, while 2*(0p) = 0 is not necessary for the elastic-perfectly plastic problem*, it is a requirement when hardening is present. This deficiency was explained in [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] by the fact that the compatibility equation degenerates from the elliptic to the parabolic type as the crack-tip is approached, and it was predicted that there would be a boundary-layer type solution in the neighborhood of the unloading boundary FB (Fig. 1) . In the next section we will work out this boundary-layer type solution in more detail.
* We have come to the conclusion in I-5] that for elastic-perfectly plastic problem the condition 2*(0p) = 0 is necessary when the unloading boundary does not coincide with the slip line. 
The inner boundary layer near the unloading boundary
We assume the equation of the unloading curved boundary FB (Fig. 8 ) to be
Here the value of the constant 0* may be either positive or negative. The curve FB, arbitrarily assumed concave downward in Fig. 8 , corresponds to positive 0". We mention in passing that Dean and Hutchinson [6] have computed the mode III crack for steady growth in elasticperfectly plastic materials, and obtained the unloading boundary, which is concave upward and corresponds to negative 0". The solution (4.1) with fo(O) and fl(O) determined, respectively, by (4.17) and (4.19), denotes the outer solution for zone II (Fig. 8) . It is valid or accurate enough outside a narrow transition zone adjacent to the unloading boundary F B. The outer variables are r and 0. In order to find the boundary-layer type solution, we must use the inner variables r and (instead. Let ( be defined as -r -) z, r--~= (lnT)
A -2 fo(O)=fo(Op)+f~(Op)((ln-A-)-X+OI(2(ln
The first asymptotic expansion of the compatibility equation (2.9) can be obtained after a lengthy calculation, We can compute the value of C* exp(--0) from (5.17) by putting ( = -0". The results are shown in the last column of Table 1 . It can be easily verified that the third contiguity condition
